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Abstract 

We examine the effective field equations that are obtained from the 
axi-dilaton gravity action with a second order Euler-Poincare term 
and a cosmological constant in all higher dimensions. We solve these 
equations for five-dimensional spacetimes possessing homogeneity and 
isotropy in their three-dimensional subspaces. For a number of in- 
teresting special cases we show that the solutions fall into two main 
classes: The first class consists of time-dependent solutions with spher- 
ical or hyperboloidal symmetry which require certain fine-tuning rela- 
tions between the coupling constants of the model and the cosmologi- 
cal constant. Solutions in the second class are locally static and prove 
the validity of Birkhoff 's staticity theorem in the axi-dilaton gravity. 
We also give a class of static solutions, among them the well-known 
charged black hole solutions with a cosmological constant in which the 
usual electric charge is superseded by an axion charge. 
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1 Introduction 



Developments in string/M-theory have led to a revolutionary idea that our 
universe is a slice, a braneworld, in a higher-dimensional spacetime pQ- [3]. 
The most striking phenomenological consequences of the braneworld idea 
have been studied in Large- Extra-Dimension scenarios [HE]. These scenar- 
ios open up the possibility of an elegant geometric resolution of the large 
hierarchy between the electroweak scale and the fundamental scale of quan- 
tum gravity as well as of directly probing TeV-scale mini black holes in high- 
energy collisions [6]. They also support the properties of four- dimensional 
Einstein gravity in low energy limit that is verified by examining the effec- 
tive gravitational field equations in the braneworld. The gravitational field 
equations on a ^-symmetric 3-brane in a five-dimensional bulk spacetime 
were studied in [7J [8] . Some exact solutions to these equations that describe 
black holes localized on the 3-brane were found in [9j [TO] . 

Cosmological dynamics of the braneworld universe in general exhibits sig- 
nificant deviation from standard Friedmann- Robert son- Walker picture. How- 
ever, it appears very similar to the latter at late times. This has been ex- 
amined within two basic approaches: In the first approach our universe is 
supposed to be a fixed brane in a time-evolving bulk spacetime [11] , while 
in the second one it is a moving brane in a static bulk spacetime [12]. It is 
remarkable that the most general static AdS solution in five dimensions that 
induces the FRW cosmology on the brane is the Schwarzschild-AdS solution 
with constant 3-space curvature [T3l [H] . 

The results described above have also provided a strong impetus for ex- 
amining the braneworld idea in string-generated gravity models. Of these, 
the models with quadratic-curvature correction term (Gauss-Bonnet combi- 
nation) are of particular interest [15]. The Gauss-Bonnet term is the leading 
order correction to the ordinary Einstein-Hilbert action in the low-energy 
limit of string theory. It is also sometimes called a second order Euler- 
Poincare density term. The static solutions for black holes with asymptotic 
AdS behavior in these models were found in [TB]-[TS](for a static wormhole 
solution see recent works in Refs. [19, 20J), while cosmological dynamics on 
the 3-brane has been studied in [21]- [23] (see also a review paper |24J and 
references therein). The effective gravitational field equations on the 3-brane 
imprinted by a five- dimensional Einstein-Hilbert action with a second order 
Euler-Poincare density term were obtained in [251 EE]- 

In light of all this, it becomes clear that further study of exact solu- 
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tions in string-generated gravity models is of particular interest. Here we 
shall study the exact static solutions in five- dimensional axi-dilaton gravity 
with a second-order Euler-Poincare term, focusing on the bulk theory. As is 
known, the axi-dilaton gravity models naturally arise in the low-energy limit 
of superstring theories. The corresponding effective actions are determined 
by an expansion in a small string tension parameter a' and, in addition to 
the usual Einstein-Hilbert term with a cosmo logical constant, they also in- 
clude a dilaton 0-form, a Yang-Mills 1-form, an axion 3-form and second and 
higher-order Euler-Poincare densities [2"T]-[30J. 

The paper is organized as follows. In Sec. II, using the formalism of dif- 
ferential forms, we present the action of our axi-dilaton gravity model in the 
Einstein frame and in all higher dimensions. To simplify the model we do not 
include the Yang-Mills coupling in the action. The effective field equations 
are obtained by varying this action with respect to all dynamical variables 
of the model. In order to avoid the appearance of propagating torsion in the 
variational procedure [27] , we constrain the space of the dynamical variables 
to be torsion free. In Sec. Ill we restrict ourselves to five-dimensional space- 
times and solve the effective field equations for the spacetimes possessing 
homogeneity and isotropy in their three-dimensional subspaces. We examine 
a number of interesting special cases and show that the solutions fall into two 
classes: The first class consists of time-dependent solutions with spherical or 
hyperboloidal symmetry which require certain fine-tuning relations between 
the coupling constants of the model and the cosmological constant. Solu- 
tions in the second class are locally static and prove the validity of Birkhoff 's 
staticity theorem in the axi-dilaton gravity. Finally, in Sec. IV we give 
some explicit static solutions in five dimensions, among them the well-known 
black hole solution in which the usual electric charge is superseded by an 
axion charge. 

2 Action 

We consider a d-dimensional manifold M endowed with a spacetime metric 
g and examine the action of axi-dilaton gravity in this spacetime. In [27J, it 
has been shown that if all fields in the action are taken to be unconstrained, 
then the corresponding variational procedure inevitably yields propagating 
torsion. To circumvent it, we constrain the connection 1-forms to be torsion- 
free. In addition to the Einstein-Hilbert term with a cosmological constant, 
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the action includes a dilaton 0-form field 0, an axion 3-form field H and a 
second-order Euler-Poincare term. In the spirit of a heterotic string model, 
we also impose an anomaly-freedom constraint or a Bianchi condition on the 
axion field. The ci-dimensional action has the form 

I[e,u, ( p,H]= ! C, (2.1) 

JM 

where in the Einstein frame the Lagrangian density d-form is given by [27] 
£ = ^R ab A*(e a Ae b )-^d(j)A*dcl)+^e- M H A*H + Ae~ M *l 

+ ^R ab A R cd A *(e a A e b A e c A e d ) 

+ (de a + u a b Ae b ) A\ a + (dH — ~ R ab A R ab ) A fi . (2.2) 

Here the basic gravitational field variables are the co-frame 1-forms e a in 
terms of which, the spacetime metric is decomposed as g = rj ab e a ® e b with 

r\ ab = diag( !- + + •••)• The free parameters a, ft, rj , ft\, /3 2 and e 

are the corresponding coupling constants. The star * denotes the Hodge 
dual map and A is the cosmological constant. The quantities A a and [i are 
the Lagrange multiplier forms that are used to impose the torsion-free and 
anomaly-freedom constraints in the variational procedure [27]. 

The torsion-free, Levi-Civita connection 1-forms u a b obey the first Car- 
tan structure equations 

de a + u a b Ae b = (2.3) 

where u ab = —uJ ba , while the corresponding curvature 2- forms follow from 
the second Cartan structure equations 

R ab = du ab + u a c A u cb . (2.4) 

The second order Euler-Poincare form [2"5l |2"5] is given by 

C EP = R ab A R cd A *(e a A e b A e c A e d ) , (2.5) 

which can also be written in the alternative form 

C EP = 2R ab A *R ab - AP a A *P a + TZ 2 {d) * 1 , (2.6) 

where we have used the Ricci 1-form P a = i b R ha and the curvature scalar 
= L a Lb R ba ■ Here t a = L Xa is the interior product operator such that 
tx a (e b ) = $ a b . 
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2.1 Field equations 

The effective field equations are obtained from independent variations of the 
total action density in (12.21) with respect to the variables e a , uo a b , <fi and H. 
The variations with respect to co-frame fields e a yield the Einstein equations 

l - R ab A *(e a A e b A e c ) = -| r c [0] + ^ e^r^H] - A e"** * e c 

-| i? afe A A *(e a A e fe A e f A e 9 A e c ) - DX C , (2.7) 

where 

T c [4>] = L c d(j) A *d</> + dcf) A i c (*d(p) (2.8) 

and 

t c [H} = l c H A*H + H Al c (*H) (2.9) 

are the stress-energy (ci — l)-forms for the dilaton and axion fields, respec- 
tively. Here and in what follows D denotes the exterior covariant derivative 
operator. From variations with respect to 0, we obtain the dilaton field 
equation 

ad(*d(/>) = ^ e~ M H A *H + A/3ie~ M * 1 . (2.10) 
From the connection u a j, variations we obtain 

i (e a A A 6 - e b A A a ) = ~ D (*(e a A e 6 )) — e D(R ab A /i) 

+ ^r]D(R cd A*(e a Ae b Ae c Ae d )) . (2.11) 

Finally, the variations with respect to H give the equation 

dfi = -pe~ M *H. (2.12) 

By taking the exterior derivative of both sides of this equation we obtain the 
axion field equation 

d(e- M *H) = 0, (2.13) 
since d 2 /i = 0. We also have the equation 

dH= £ -R ab AR ab . (2.14) 
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Using the identity 

DR ab = (2.15) 

one can solve equation (12.111) uniquely for the Lagrange multipliers A a ; we 
have 

A a = 2ePe- M t b (R ba A*H) - £ -^-e~ M e a Al s Li{R 1s A*H) . (2.16) 

Next, substituting this expression into the Einstein field equations in (12.71) 
we put them in the form 

X - R ab A*(e a Ae b Ae c ) = -^ r c [0] + ^ e~ M r c \E\ - A e~M * e c 

-~ R ab A R f9 A *(e a A e b A e f A e g A e c ) 

-2epD(e-^i b (R b c A *H)) - ^- e c A Die-^L^R 18 A *H)) , (2.17) 

where the last two terms can be thought of as non-trivial improvement terms 
that appear due to the torsion-free and anomaly-freedom constraints. 



3 Metric ansatz 

In this section we restrict ourselves to five- dimensional spacetimes and seek 
to solve the effective field equations obtained above. It is useful to start with 
a metric ansatz for a spacetime possessing homogeneity and isotropy in its 
three-dimensional subspace. The most general metric for this spacetime can 
be taken of the form 

dx 2 -4- dv ~\~ dz^ 

g = -f 2 (t, w) dt 2 + u 2 (t, w) dw 2 + g 2 (t, w) — 2x2 , (3.1) 

(1 + *?) 

where /, u and g are arbitrary functions of the time coordinate t and the 
coordinate w of the fifth dimension. The curvature index k = —1, , +1 
corresponds to a hyperbolic, planar and spherical geometry of the three- 
dimensional subspace, respectively and r 2 = x 2 + y 2 + z 2 . We assume the 
same functional dependence for the dilaton field 

<j> = <P(t,w) , (3.2) 
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and for the axion 3-form 



H=h(t,w] 



dx A dy A dz 
+ 



(3.3) 



The co-frame 1-forms for the metric (13.11) can be chosen as 

e° = f(t,w)dt, e 5 = u(t,w)dw , e l = g(t,w) T , x l = x,y,z. 

(3.4) 

Evaluating with these co-frame 1-forms the Levi-Civita connection, we obtain 



9± i 

fg 



of j = — (x l e j - x j e l ) , 
^9 



^e 5 + 4^e° 
fu fu 



uj 5 = — e- , 
ug 



(3.5) 



(3.6) 



where commas denote partial derivatives with respect to an appropriate in- 
dex. For the corresponding curvature 2-forms we find the expressions 



R 05 
R i5 



Be°Ae 5 , R ij = Ae i Ae j 
Ce° Ae ! + De 5 Ae l , 
D e° A e* + E e 5 A e* , 



where 
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E 



ug 
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f, u 
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V? 
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fu 

9,tu, t 



U J ,w f 2 



(3.7) 
(3.8) 
(3.9) 

(3.10) 

(3.11) 

(3.12) 

(3.13) 
(3.14) 



Using the above equations, it is straightforward to show that R a b A R a 
Then with ansatz (I3.3p . equation (12.1 4p yields 



0. 



H 



Q-e'Ae'Ae 3 
9 s 



(3.15) 



where the parameter Q can be thought of as a charge associated with the 
axion 3- form field. Taking all this into account in equations (12.101) and (I2.17p . 
we obtain the following system of coupled partial differential equations 



A + B + 2C -2E = -2r] (A B + 2 D 2 - 2 C E) 



a 
2 



f 



u 



2 



(3.16) 



3A + 3C{l + 2r)A) 



a 
2 



t 1 + 



a 



2 g* 



-M 



(3.17) 



3A-3^(1 + 2?7A) 



a 
2 



t 1 + 



U 



2 g* 



(3.18) 



a 



<P,w9 3 f 



4>,tg 3 u 
f 



W Q 2 



e-^+Afce-^ , (3.19) 



D(l + 2r]A) = - 



gtfu 2 gs 

a 4>a 4>,w 



(3.20) 



3 / u 

Next, we discuss the validity of Birkhoff's staticity theorem in our model 
without invoking explicit solutions of this system of equations. 
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3.1 Birkhoff's theorem 



Following the similar procedure used in [22J, we combine equations (13.171) 
and (13.181) to eliminate the cosmological constant and axion charge. This 
yields 

a- 
~3 



t 1 + 



(C + E)(l + 2nA) 
which after combining with equation (13.201) gives 

(C + Et2D)(1 + 2 V A) = ~ 



u 



(3.21) 



(3.22) 



With a constant dilaton field these equations serve as the integrability condi- 
tions for the field equations ( I3.16l) -( l3~20l) . To facilitate further considerations 
we use the conformal properties of the spacetime metric in (t, u>)-plane. This 
allows us, without loss of generality, to take f = u and pass to the lightcone 
coordinates 

t + w t-w 
n = — ^— , 8 = — ^— . (3.23) 

Rewriting now equation (13.221) in these coordinates, we arrive at the following 
equations 



(3.24) 



[9 >S s-2^g )S j [g 2 f 2 + 2r ] ( K f + g <n g tS )} J- 

Unn - 2 f -fg,^j [g 2 f + 2 n (k/ 2 + g, n g iS )} = ~ (£ ft ) a (3.25) 
while, the dilaton field equation in the lightcone coordinates takes the form 



1 


a 


f 2 g 3 


~3 


l 


o: 


f 2 g 3 


~3 



ft 



, ns ~^ 



9., 



+ 



9,i 



1 

J 2 



' 2 f 



e-M-Afce-M . (3.26) 



g g 

Next, we consider the following cases: 
(i) 4> constant , 

the dilaton couples to the other fields. In this case, it follows from equations 
( 13T241) . (13T25D and (13T26D that for 3 iS ^ and 5,„ ^ the solutions are in 
general not static. On the other hand, it may happen that either g n = 
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or g >s = which, in turn, leads to either n = or <fi s = 0. In both cases 
equation (13.261) is satisfied only for /?i = and (3 2 = . However, the general 
solution is still time-dependent. 

(ii) <p = constant , 

the dilaton decouples and may have a constant value. In this case equations 
(EZ3D and (l3T2"5j) reduce to the form 

( 8 ..-2^ 9 ..) [9 »/. + 2,(./» + 9 .. 9 ,.)]=0, (3,7, 

( 9 ..-2^,..)^ + 2^/" +9 .. R .)]=0. (3.28) 

Having in these equations either g tTl = or g jS = , we get the relation 
g 2 = —2 77K . This results in two distinct kinds of solutions; the first ones 
are flat solutions, while the second kind of solutions are time- dependent and 
given by 

9 = f(t,w)(-dt* + dw*) + (-2 V k) dx2 + d y 2 +f t (3.29) 
where k^O and the coupling constants must satisfy the relations 

7Y = -k, A = - 3.30 

For j ]tl / and g tS 7^ 0, it follows from equations (13.271) and (13. 28ft that 
either 

..-^.-0. 9 _2^0 (3.3, 

or 

g 2 f + 2n(Kf 2 + g, n g, s ) = (3.32) 

Let us first start with equations in (13.311) . They can be easily integrated to 
yield the solution 

f = N'g jS = S'g >n , (3.33) 

where N = N(n) and S = S(s) are arbitrary functions, the prime stands for 
the total derivative with respect to the argument and g = g(N + S) . It is 
clear that one can make a new conformal transformation 

W = £±* sJ-^f (3.34) 
9 



that puts the solution in the form g = g(w) and thereby exhibiting its locally 
static character. Clearly, this proves the Birkhoff staticity theorem. 

Turning now to equation (I3.32p . which is equivalent to the equation 1 + 
2 r\A = , and comparing the latter with equation (13.171) or (13.181) we find 
that g must be constant. This contradicts our original assumption that 
<7, n 7^ and g s ^ 0. Thus, no fine-tuning condition exists in this case. 
This allows us to deduce that the Birkhoff staticity theorem is valid in the 
axi-dilaton gravity model which in addition to the cosmological constant and 
Euler-Poincare term also includes a constant dilaton and an arbitrary axion 
charge. 

(iii) <p = constant , H = , 

i.e. the axion charge vanishes. Using equations given in case (ii), it is easy 
to check that when either g^ n = or g )S = 0, we have only flat solutions. 
For g tn ^ and g tS ^ we obtain either static or time-dependent solutions. 
Indeed, as in the previous case discussed above, equations in ( 13.311) admit 
a locally static solution. That is, Birkhoff's theorem is true. Meanwhile, 
equation f!3.32j) gives 

2kt] + g 2 

where the Euler-Poincare coupling parameter r\ is related to the cosmological 
constant by the fine-tuning condition 

A = ± . (3.36) 
2 n 

This can be easily verified making use of (I3.17P or (13.181) . Finally, the general 
solution is given by 

2?? \{q w) 2 — (q t) 2 } , ,9 ,9% 9. dx 2 + dy 2 + dz 2 
2k 1] + g z (i _|_ KJ±y 

We see that unlike the case (ii), the nonvanishing cosmological constant 
obeying the condition ( 13. 36ft violates Birkhoff's theorem. The presence of a 
constant dilaton does not change the situation. That is, the Birkhoff theorem 
is valid if and only if the fine-tuning condition (13.361) is not satisfied. 
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4 Static solutions 



In the previous section we have proved the Birkhoff 's theorem without con- 
structing explicit solutions. Namely, we have started from a general time- 
dependent metric ansatz (13. 1ft . for which the field equations have driven us 
to a locally static solution. In this section we give some explicit examples of 
static solutions to our model. It is straightforward to show that in the static 
case the field equations (I3.16I) - (I3.20I) reduce to the following equations 



k — 



1 

u 



I ft 

f u 



1 - 



2/7 ff 



9\u 



u 



fg' 
fgu 2 

2 



1 - 



2rj fg' 



ug 



u 



2 \u) + 2g* 



Ae 



(4.1) 



K 



2y f'g' 
fg u 2 



a ( cf>' 



_L* ML -Ac-A* 
2 V u 



J'g' 
u 2 fg 

2gt 



(4.2) 



u 



a. 



ug \u 

2 



31^ JL 



2 \ u 

>7<? 3 Y i 



u J ug 

2 



+ A/?ie 



(4.3) 



(4.4) 



it J fg 3 u 2g 6 

Here primes denote the total derivatives with respect to the spacelike coor- 
dinate w . We consider below some special cases; 

Case I: H = , 

a model with no axion charge. In this case we obtain the static solution with 
planar symmetry (k = 0) 
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1 



w dt H 5 dw H 2" + ^2/ + dz ) , 



■ur 



(4.5) 



U>3 
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4>{w) = (f>Q In \w\ , (4.6) 

provided that the coupling constant 0i = 0, the Euler-Poincare coupling 
constant n, the cosmological constant A and 0o satisfy the relations 

We see that the metric components in (14.51) diverge at w — 0. However, it 
can be easily verified that this is a coordinate singularity. For this purpose, 
we evaluate the curvature scalar 71 and the curvature invariant R a b A *R ab 
for this metric and show that they are given by the finite values 

4 228 

Tl = -- , Rab A *i? a6 = — * 1, (4.8) 

o ol 

that confirms the statement made above. 
Case II: cf) = constant, H ^ , 

a model with a constant dilaton and non-zero axion charge. This model 
admits two types of exact solutions: 

(i) The first type of solutions is given by the metric 

c2 2 I,,, 2 dx2 + d y 2 + dz2 



g = _f dt * + -dw 2 + w 2 — (4.9) 



where 




/=«+7T- lTWl + 277 _ + ^--- (4.10) 



and the parameter M is related to the gravitational mass of the source. We 
recognize the well-known static charged black hole solution with a cosmolog- 
ical constant to Einstein-Gauss-Bonnet gravity [HI [23] in which the electric 
charge is superseded by an axion charge. 

(ii) The second type of solutions is given the metric 

9 = -f 2 de + ^ + 9 i dx \ +dy2 if , (4.1D 

/ (i + *£) 

where go is a constant and 

f 2 = bw 2 + c Q w + c l . (4.12) 



12 



Here we have introduced the notation 



i a+ ^-mJ- (413) 

Furthermore, the constants go, Q and A obey the relation 

3k (3Q 2 



9l H 



-A (4.14) 



and Co and c\ are arbitrary integration constants. The singularity structure 
of this metric can be understood by studying its Killing horizons [3TL 132] . It 
is easy to see that the metric (14. lip has coordinate singularities at the points 

w T = + \ b ° (4.15) 

which are governed by the Killing horizon equation f 2 = 0. However, eval- 
uating the curvature scalar and curvature invariant for this metric, we find 
the constant values 

11=^ -2b, R ab A *R ab = (^-C- + 2b 2 \ * 1 . (4.16) 

9o V 9 o J 

It follows that the singularities at the points (14.151) are indeed the coordinate 
singularities. 

Case III: ^ constant, H , k = , n = Q , 

a planar model with dilaton and axion fields. This model admits a class of 
solutions with 

1 2 

g = -fdt 2 + —dw 2 + W3 (dx 2 + dy 2 + dz 2 ) , (4.17) 



where 



and 



(w) = 0o In | w | , (4.18) 



f = 7o w ~h ^ + 72 w 2 -*o/3i + ( 4 _ 19 ) 

3/5Q 2 M 

70 = r~ ' 72 = TT1 2^T > ( 4 - 20 ) 

4 (20 o a - 3P1J 
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c 2 is an integration constant and <po, (3\ and /3 2 must satisfy the relations 



2 

3a 



and 



in 1 9 



+ 







(4.21) 



(4.22) 



It should be noted that at least one of the constants j3\ and /3 2 is assumed 
to be non-zero0 The curvature scalar and curvature invariant for this class 
of solutions are given by the expressions 



n 



and 



To 



- + /3 2 o (l-/5 2 0o) 



--(2-0 o /3i)(3-0o/3i) 



w VVH 
(4.23) 



Rah A *f? 



«6 



(5 



lW 



-2/3 2 0o-4 



+ S 2 w 



-/320O-2-0O/31 



+ B 3 w- 2(t>0(31 ) *1 , (4.24) 



where Si, 5 2 and S3 are the constants determined by the model parameters 
Pi, P2, 4>o, 7o and 7 2 . We see that for certain values of the parameters there 
are curvature singularities at w — > 0, whereas for the parameters obeying the 
constraints /9 2 0o + 2 < and (fiofti < we have a regular solution at this limit. 
Thus, for this class of static solutions the singularity structure is sensitive 
to the value of the model parameters and under certain constraints on their 
values, there exist asymptotically non-flat solutions with regular behaviour 
at w — > 0. 



5 Conclusion 

In this paper we have studied the exact solutions to the effective field equa- 
tions of an axi-dilaton gravity model which, in addition to the usual Einstein- 
Hilbert term with a cosmological constant, also includes a second order Euler- 
Poincare term. We have concentrated on five-dimensional spacetimes ad- 
mitting maximally symmetric spatial three-sections and given a number of 
interesting exact solutions. These solutions basically form two classes. The 

^^One can start with ansatz g(w) = w s and obtain a more general set of constraint 
equations where s varies in the interval < s < 1 . 
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first class consists of time-dependent solutions which are valid under certain 
fine-tuning relations between the coupling constants of the model and the 
cosmo logical constant. Solutions in the second class are locally static that 
proves validity of Birkhoff staticity theorem in the presence of a constant 
dilaton and an arbitrary axion charge. We have also given a special class 
of static solutions, among them a spherically symmetric black hole solution 
carrying an axion charge. 
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